
VOL. 1, NO. 3, MAY-JUNE 1978 J. GUIDANCE AND CONTROL 197

Advanced Methods of Model Structure Determination
from Test Data

Narendra K. Gupta,* W. Earl Hall Jr.,t and Thomas L. TrankleJ
Systems Control, Inc., PaloAlto, Calif.

The technology of system identification from input/output test data has been developed into an operational
procedure for improving and validating mathematical models upon which state-of-the-art guidance and control
systems are based. A wide application of this technology has focused attention on one particular phase of the
system identification methodology, the model structure determination phase, as an essential step. This step
consists of processing the input/output data to determine the significant linear and nonlinear equations and
associated parameters that are necessary to represent an observed system response. Although the model structure
determination problem has been recognized for a long time, it has been attacked systematically only recently.
This paper summarizes various aspects of this problem and results of some recent research. A unified approach
is developed for this problem and is applied to test data from a submarine, a missile, and an aircraft engine.

Introduction

SYSTEM identification is the process of testing systems to
obtain a mathematical model of their behavior. The

complete system identification procedure consists of three
major steps, which include test design, data processing, and
model verification.M A number of techniques must be used in
the data-processing stage, particularly for nonlinear operating
regimes, to obtain the maximum information from the data.
In the first stage, unmeasured or failed channels of data are
reconstructed based on available measurements. This also
gives preliminary force and moment coefficient time histories
of interest. In the model structure determination (MSD) stage,
the dependent forces and moments are related to the in-
dependent variables (e.g., angle of attack, Mach number, etc.)
to provide the best model over the range of interest. In most
cases, particularly those encountered with experimental data,
the overall computation burden requires the use of a sim-
plified method in the model structure determination step,
leading to the necessity of improving the parameter estimation
accuracy and refining the model structure using a nonlinear
maximum likelihood method.

Although the fundamental problem of model structure
estimation has been recognized since the origin of physical
science, the utilization of statistical methods to determine
systematically significant characteristics in nonlinear dynamic
systems was presented first in 1974.1>2 Such methods had been
applied to static systems5 (e.g., in econometrics and
biometrics) and to linear systems.6 From a more fundamental
approach, however, the work of Akaike7 and Kullback8

provided the significant information theoretical formulation
concepts for both linear and nonlinear systems. The
theoretical basis of the methods discussed in this paper is
found in the cited work of Thiel,5 Akaike,7 and Kullback.8

The application to aerospace systems can be traced to the
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work of Gerlach,9 in the Netherlands, who demonstrated the
use of a linear technique on actual test data.

Our research into the model structural determination
process for nonlinear systems has been isolated into three
significant issues: 1) specification of classes of a priori
models, 2) criteria for hypothesis testing of data against
models, and 3) numerical procedures. The following sections
of this paper discuss these issues one by one, followed by
examples that demonstrate how system characteristics affect
these issues in specific cases.

Specification of Classes of a Priori Models
The first major step in the model structure estimation

process is the selection of mathematical forms to be correlated
and tested against data. The specification of these models
must be sufficiently broad to include the most probable
relationship without attempting to consider all models. In
order to form a tractable a priori model base, the following
general considerations have been found to be relevant.

1) It is useful to recognize two aspects of mathematical
models of physical systems. Basic models are derived from
fundamental physical laws. Useful engineering models are, to
some extent, empirical, wherein many of the system in-
terrelationships are defined by tests and appropriate in-
terpretation of the results. This obviously means that the role
of physical engineering analysis in the model structure
estimation process is essential.

2) The ultimate validation criteria, which include ability to
explain existing data, consistency of empirical results with
phenomenological considerations, and ability to predict data,
dictate model form.

3) The objective for which the model is to be used will
indicate the levels of complexity required and the regime over
which the model should be valid. This means that there may
not be a unique model to describe a particular vehicle. In fact,
model selection depends mainly on the use to which the model
is put.

In order to optimize the initial model for computational
speed and numerical accuracy, it must include elements of
known phenomenological behavior supplemented by various
classes of functional forms, depending on the particular
problem. In the absence of strong phenomenological evidence
to the contrary, polynomials are well know as simple and
versatile choices for mathematical models. Indeed,
polynomials serve exceedingly well in modeling the errors of
inertial quality gyros and accelerometers, lift and drag curves
for aircraft, and gravitational anomalies, to cite only a few
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examples. If, however, it is known that the process is
susceptible to a growth phenomenon, such as vortex buildup
from aircraft control deflections, exponential or logarithmic
functions are desirable. The use of polynomials therefore
should be undertaken with a reasonably clear understanding
of the limitations.

Given a set of p independent variables x(\), x(2),
x(3),...9x(p) (e.g., angle of attack, control deflection, pitch
rate, etc.) and a variable y that is expected to depend on these
variables, the problem is to select a general polynomial
form(s) to represent y in terms of the x(i), /= 1,2,...,/?.
Factors that affect the particular polynomial form include the
following: 1) a priori phenornenological information about
the process; 2) range of variation of the dependent variables
(and possibility of differences in physical phenomena over
that range); 3) specification of whether the polynomial is to be
used as is, is to be differentiated (requiring valid slope
representation), or is to be integrated (requiring high
reliability in the initial value); and 4) computational resources
available to use the model (in terms of speed and memory).

To meet these requirements, we have used two basic
polynomial formulations, as shown in Table 1:

1) A regular polynomial is used to represent a simple
continuous phenomenon. This polynomial is usually linear in
the unknown parameters C, (although many cases arise in
which the polynomial is nonlinear in the unknown
parameters). For improved numerical conditioning, or-
thogonal polynomials are desired. The classical orthogonal
polynomials of Legendre, Laguerre, and Hermite may be
generated by three term recurrence relations that are
programmed easily. The Tschebycheff polynomial is known
to demonstrate the properties of both the Fourier series and
the orthogonal polynomials.10

2) A spline of order n and continuity v is used to represent a
simple heterogeneous phenomenon. The spline function
consists of piecewise polynomials wherein the derivatives are
continuous. Hence the spline preserves the continuity of
lower-order derivatives across function discontinuities. There
are n + \ regions defined by x<x}, x} <x<x2,...,xn <x. At
each of the transition points xi9 which are called knots, the

Table 1 Selection of functional forms for model structure determination

Type of phenomenon Basic form Improved numerical conditioning

Polynomial Orthogonal polynomial

Homogeneous

Spline

where pmpn dx=dmn
Ja

B Spline

m n m
Heterogeneous

where
r 0 ' x<xf—Xi)'* = ] .

J + l(X-Xi)1 X>Xi

v — m — 1

j (X) = (X-Xj ) (X-XJ+1 )'" (X-Xj +

Table 2 General polynomials for function of several variables

Type of phenomenon Basic form Hierarchical form

Homogeneous General polynomial Multiple subset polynomials

mj

Heterogeneous

mi

Polynomial spline

y= E E c<-/<2*'7 (7)*'2 (j
|y =0 /2=0

n] n2 mi m2v^ \~^ \r^ \™^
^M/ ^^^ ^^^ <^^

7/ = ^ 72 = l i]=vj+l 12 =V2+1

Multiple subset spline

mi mi
Cu[x(l)-xJ(2)]i

+

C= d^ (2) + du [x(2) -Xj (2) ]
i = 0 j=l i=v2+l

~XJ2 (S) ] '2 + • -
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first v derivatives of the function y are continuous. The in-
dependent variable y is a linear function of parameters C/ but
is a nonlinear function of knot locations. B splines are used
for improved numerical conditioning (see Table 1).

The representations for a single independent variable can be
generalized to many independent variables in several ways.
Straightforward generalizations of the polynomial and spline
forms for two variables are given in Table 2. Such an ap-
proach is useful for cases where the number of independent
variables and/or terms in approximating polynomials is
small. For several independent variables, a more organized
procedure has been found necessary. The method that has
been implemented to achieve this is an extension of
Ivakhnenko's group concept.11 Table 2 shows the typical
equations that are used to evaluate large levels of subsets of
model terms. For example, the equation of Table 2 (for
regular polynomials) is written in terms of the second variable
for all of the unknown variables in the first equation.

The models specified using the foregoing procedure will, in
general, be too complex. The next section discusses statistical
criteria that are used to simplify the preceding representations
such that useful models are obtained from a limited set of
data.

Quantitative Criteria for Comparison of
Competitive Models Against Test Data

The representations of the previous sections are quite
flexible and allow for a very large number of model struc-
tures. In certain applications, several competing represen-
tations based on different independent variables may be
hypothesized, leading to a further increase in the number of
plausible model structures. The use of measured data isolates

the most likely model and indicates model adequacy in ex-
plaining the observed behavior. This section discusses several
classes of criteria used for this purpose. The tradeoffs to be
considered in the particular selection of the criteria are 1) the
distribution function of the noise (certain criteria are ap-
plicable when the noise is white Gaussian, whereas others are
more general), 2) a priori knowledge about the noise
distribution function, and 3) number of models to be com-
pared.

Let there be N sets of measurements (or reconstructed
values) represented by yf and */(!), */(2), ..., */(/?),
/= 1,2,... ,7V. Quantitative criteria used for model sub-
stantiation based on these data may be divided into four
broad categories, shown in Table 3. Note that all of these
criteria can be used with both the equation error and the
dynamic model formulations.

Fit Error Statistics
Fit error is a measure of the difference between the

measured response and its estimate based on the model.
Suppose that two models, Ml (with ml parameters 0 7 ) and
M2 (with m2 parameters 0 2 ) » are to be compared. Let
yi(Ml9Sl ) and yt (M2,62 ) be tne estimated values of yt based
on models Ml and M2, respectively (07 and 62 are the
corresponding parameter estimates). Then the fit error leads
to the following criterion:

< 1 select model Ml

> 1 select model M2

(1)

Table 3 Comparison of criteria for validation of models against test data

Class Equation Comments

Fit error
Error covariance

Whiteness test
Fit error corrected for
degrees of freedom

Since fit error always increases with
number of parameters, subjective ter-
mination criteria required

d/N)L(yi-yi)(yi+1-yi+1) etc.

Likelihood approach
Likelihood ratio

Log likelihood ratio
corrected for degrees of
freedom

p(Y\M1,$1)/p(Y\M2,62)

\og{p(Y\M1,6I)/p(Y\M2,62)}
-2ml +2m2

Equations given for two models (see text
for generalization); requires knowledge of
probability distributions, a priori; works
with any noise distribution

Prediction error
Direct determination over an
independent data set

Estimate over same region as N+m}

Excellent when model is used for
prediction; automatically incorporates
degrees of freedom

Estimate over a new region — L [o1+tf(M,)]

F ratio
Equation F ratio

Parameter F ratio

Parzen's test

R2lm

(R2
2-R])/m2

(l-R2
2)/(N-m1-m2)

Seeref. 13

Most-used test in econometrics and
biometrics; easy to implement; excellent
for a first cut
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Improved results are obtained if the fit error is corrected for
the number of unknown parameters in the model. The ad-
justed fit error for model M7 is

(2)

The fit error rarely should be used directly for comparison of
models. It is, however, very useful in establishing the validity
of the model selected by other approaches.

Likelihood Ratio Statistics
The likelihood approach has been used extensively for both

parameter estimation and comparison of competitive models
based on test data. The central concept is the likelihood
function, which defines the probability that the measured
data were generated by any specific model or any set of
parameter values. The likelihood function for model Ml is
p(Y\Mi, 0 7) , where Y is the set of measurements
yi>y2>-~>yN> and 07 is the maximum likelihood estimate of 07
assuming that model M7 holds. The model selection criterion
is the ratio of the likelihood functions for models Ml and M2.
The likelihood ratio must, however, be corrected for the
degrees of freedom. Otherwise the results will always favor
more complex models. When there are/7 competitive models
to be compared, the following procedure may be used.
•
Stepl: compute//, /=1,2,...,/?: Ji = &i[p(Y\Mi, 0 ;))-2w,

Step 2: let Jj be such that // >/,, / 5*7. Then /,-• is the "most
likely" model. For two candidate models, the method
simplifies to

r ^ ( r i M 7 j 0 7 ) . , >0selectM7

lp(Y\M2t 02) ) ! 2) <0 select M2

Important generalizations of the likelihood ratio result when
one model is the subset of the other model, or, in general, all
models considered are subsets of the same maximum model.
Let the maximal model be characterized by parameters 0.
When certain parameters are zero, a lower-order subset is
obtained. (Note that this may be used to model a wide variety
of situations.) The log likelihood function then may be ex-
panded in a multidimensional Taylor series about our best
estimate 0 of 0:

=fa p ( Y \ d ) (0-0)

(4)

whereM is the information matrix. Since 0 is the best estimate
of 0, the first gradient of the likelihood has mean zero and
covariance M'1. To test the hypothesis that a lower-order
model is valid, the estimated 0 must be compared withM"7 to
test if setting a component of 0 equal to zero will decrease the
likelihood function significantly. A model structure deter-
mination principle based on this concept was detailed by
Gupta.12 The likelihood method is optimal under a variety of
circumstances. Its rigorous applicability is limited by the
theoretical requirement to know the probability density of the
measurements for each model.

Prediction Error Statistic
The capability of a model to predict system responses for a

class of inputs is a desirable quality. Therefore, prediction
error of models may be used as the quantitative criterion to
select the model that best substantiates the measured data.
There are two methods to determine the prediction error of a

model. In the first method, the measured data are divided into
two parts. The first part of the data is used to estimate
unknown parameters in each model. The estimated models
then are used to predict the response for the second data set.
The model that predicts the response most accurately is the
desired model. The second method is indirect, where the
prediction error is estimated statistically. The prediction error
either is based on the same input as the one used to estimate
the models or covers a different region. (The choice depends
on the ultimate application of the model.) A good estimate of
prediction error for a model M7 with w7 parameters over the
data region may be shown to be7

(5)

The prediction over a data region^/, /= 1,2,...,A^ is com-
puted as follows. Letypi-(MltBi) be the estimated value for
ypi with mean square error of (M/) for modelM7. If of is the
variance of noise inypi, the prediction error is

(6)

Prediction error criteria are most useful when the estimated
model is to be used for simulation. They automatically in-
corporate the degree-of-freedom correction for the number of
unknown parameters in each model.

F-Ratio Statistic
The F-ratio is perhaps the most widely used statistic for

model hypothesis testing, particularly in econometrics and
biometrics. The test is based on the assumption of normally
distributed random disturbances and requires a priori
specification of acceptance-rejection boundary.

These assumptions are restrictive, and, as noted in Ref. 1, F
tests should not be used as the only criterion for the adequacy
of a model. On the other hand, they do have compensating
attributes, which include the following:

1) Standard algorithms have been optimized for computer
implementation of F-ratio statistical hypothesis testing. They
allow the consideration of an extremely large number of
models.

2) A relative maximum of the F-ratio with the number of
parameters often is found in practice. This maximum is cited
in Ref. 1 as an experimental result, which, to the authors'
knowledge, has not been investigated yet by other researchers.

3) For many practical cases, it gives the same result as more
sophisticated approaches.

The desirable performance of the F-ratio, in spite of the
assumptions, is presumably due to the robustness of the
statistic and the particular self-check features used in the
implementation. In particular, application of the F test
criterion on properly prefiltered data has been found to
improve the utility of the statistics. Three approaches have
been used based on 1) equation F-ratio, b) parameter F-ratio,
and c) Parzen's test. The equation F-ratio tests the validity of
the entire model. It is given by

F=
R2/m

(7)

where R is the equation multiple correlation coefficient, TV is
the number of data points, and m is the number of parameters
in the equation.

The parameter F-ratio statistic is applied as follows.
Suppose that the complete set of parameters 0 is divided into
two subsets of 07 and 02 of size ml and m2. An F test can be
used to test the hypothesis that 02 is equal to any specific value
(usually zero), whereas parameters 07 are chosen to minimize
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fit error. The F-ratio of parameters 62 is
(R2

2)-R])/m2

which may be written as

F(02) = (l-R2
2)/(N-mj-m2)

(8) (11)
where /?/ is the multiple correlation coefficient with
parameters B]t and R2 is the multiple correlation coefficient
with parameters 0/ and 62. If the F-ratio is small compared to
a threshold, parameters 62 may be set to zero. F-ratio for
parameters in the equation is computed in a similar manner.
In practice, theF test is performed on single parameters rather
than on sets of parameters.

Parzen13 devised a unique method based on theF statistic
to develop models for a physical system. The method assumes
that the "true" model is very complex and has several degrees
of freedom. Since the measured data contain noise and do not
encompass the entire operation regime, the estimated model
must be a simplified version of the true model. Each sim-
plified model then is compared with a high-order model using
an F statistic.

Summary
Quantitative criteria presented in this section look at model

structure optimality from different viewpoints. Extensive
experience has indicated that, for well-behaved systems, all of
the tests (except fit error) give similar model structures if the
noise has a normal distribution and the specified a priori
minimal model includes all of the effects observed in the data.
If the distribution of the noise is significantly different from
normal or if the noise is not white, the likelihood ratio test
gives the best results.

Implementation Considerations
Implementation of methods to develop models from test

data must consider the following factors:
1) The number of hypothesized models may be very large

(number in billions or more is common).
2) All models contain some level of modeling error (i.e., no

model of a physical system is perfect). The models are
"good" or "poor," not "right" or "wrong."

3) Many physical systems are dynamic. The modeling of
system dynamics may improve the model structure estimates.

4) Distribution functions usually are not known and must
be approximated.

5) It should be possible to incorporate the analyst's
opinion.

6) Computation time should be reasonable (because of
factor 1).

These factors indicate that proper implementation is a key
part of the successful model structure determination process.
Three formulations have been used successfully: 1) equation
error, 2) Kalman filter (or extended Kalman filter), and 3)
maximum likelihood (or its special case, output error).

Equation Error Formulation
In the equation error formulation, measurements of

dependent and independent variables are related by

yf=f(Xit (9)

Xj is the set of p independent variables at the /th point, and 6
is the kxl vector of unknown parameters. yi and Xf are
obtained by reconstruction from available measurements. For
example, yf may represent angular accelerations obtained by
differentiating measurements of angular rates. Such
reconstruction often is necessary in equation error for-
mulations. The results shown here are for uncorrelated and
Guassian noise, although extension to other cases is
straightforward. Equation (9) is linearized about the nominal
value 00 of the parameter vector

(10)

A7is an NX 1 vector, and A is an NX k matrix. Note that Eq.
(11) usually will be an overdetermined system (N>k). A0 is
chosen to minimize IIA7—A A0II2 .

Nominal parameter values 60 are obtained either from a
priori estimates or from a previous iteration. Equation (11)
must be solved a number of times until convergence occurs.
Most nonlinear equations of engineering significance can be
solved by iteratively forming and solving a series of linear
equations [Eq. (11)].

A straightforward way to evaluate all of the possible
models is to solve the complete least-squares problem for each
of the parameter subsets. This is unpractical even for systems
with 25 unknown parameters (34 x 106 models). One method
to make the procedure feasible is to use the stepwise
regression procedure.1 By considering one parameter at a
time, only a small fraction of all of the subsets is tested. This
allows the analysis of models having up to 400 candidate
parameters. One disadvantage of the method is that it usually
finds only one subset of each size, unlike the complete search
methods.
Kalman Filter

The Kalman filter and extended Kalman filter have been
applied to many problems in state estimation, parameter
identification, and fault detection. Like the least-squares
method, the parameter estimates resulting from a Kalman
filter are biased. To use this approach for model structure
estimation, one set of dynamic equations is written for each
model proposed, i.e., for the/th model,

OVn

y(k) = h(Mif xf, k)+v(k); k = l,2,...,N

The states xit of course, include the unknown parameters in
each model. An extended Kalman filter is developed for these
equations. One or more of the following quantities then is
used to compare the models.

1) Innovations: The innovation for model / is y ( k ) —
y(k \k—l,Mi). Its bias and covariance is a good measure of
one-step-ahead prediction error. It also could be used to
compute certain likelihood ratios by making suitable
assumptions. The problem with innovation is that, although
the parameters are being adjusted in the initial portion of
data, innovations are large, and more complex models may be
penalized unnecessarily.

2) Fit error: The fit error for model iisy(k) -y(k \N,Mt)
and can be used like innovations to compare models.
Residuals also may be used.

3) Parameter estimates and covariances: This is a poor
basis of a test because predicted covariances are often grossly
in error when determined using a Kalman filter.

Problems with using a Kalman filter for model structure
determination are 1) choice of measurement and process noise
covariance have a strong influence on model (in general,
increasing process noise covariance will result in less complex
models); 2) filter divergence because of poor starting values
may invalidate an otherwise good model; and 3) since one
extended Kalman filter is required for each model (34 x 106

Kalman filters for a problem with 25 parameters, each of
which could be zero), the method often requires unacceptable
computation time in practical systems.

Maximum Likelihood Method
Several of the problems associated with an extended

Kalman filter may be solved by using the maximum likelihood
method. This method has been described extensively1'2 in the
literature. It gives accurate estimates of parameters, as well as
associated error covariances. Although all of the quantities
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used for model comparison with a Kalman filter may be
applied, the likelihood ratio and prediction error tests are
most appropriate. In certain cases, log likelihood ratio ex-
pansions of the kind shown in the likelihood statistic test
section can simplify the implementation significantly.

Examples
Example 1: Advanced Turbofan Engine: Real-Time Model Structure

Determination Using a Kalman Filtering Approach
The modern aircraft turbine engine is a sophisticated,

multi-input/multi-output device whose aerothermodynamic
mathematical models are highly nonlinear. As part of the
reliability studies of a digital, quadratic regulator for an
advanced turbofan, we used a Kalman filter approach to
determine system model structure in a real-time application.
Different models were isolated using a likelihood ratio
technique, with test statistics formulated from the output of a
bank of Kalman filters. (Montgomery14 has applied a similar
technique for fault-detection applications.)

Figure 1 shows the overall configuration of the system with
the model determination functions. The technique consists of
the following steps (a detailed algorithm may be found in Ref.
14):

1) A series of possible models is hypothesized, and a
Kalman filter (or extended Kalman filter for a nonlinear
model) for each is constructed.

2) The output of the system is input to each Kalman filter
and a likelihood ratio calculated from the filter innovations
and innovation covariance.

3) The likelihood corresponding to the incorrect models
will go to zero, whereas that corresponding to the correct
model will become large.

KALMAN FIL-
TER FOR
MODEL A

KALMAN FIL-
TER FOR
MODEL B

KALMAN FIL-
TER FOR
MODEL C

KALMAN FIL-
1——— TER FOR

SELECTION OF
BEST MODEL
BASED ON

LIKELI-HOOD
RATIO

Fig. 1 Kalman filter approach to engine model determination.

1 (SECONDS) 2

L • • • • ->|U- TIME TO DETECT 200 M SEC

MODEL
CHANGE

Fig. 2 Time history of filter performance indices for each model.

4) For this application, a filter performance index defined
as / (likelihood ratio) was used to implement the algorithm in
the controller.

Figure 2 shows the simulated filter performance index,
indicating that a model change occurred and was detected 200
ms later (time delay of the Kalman filter). The simulation used
is a complete nonlinear representation of the particular engine
being analyzed.

This example illustrates the tradeoff between com-
putational time and model complexity. Since it was desired to
have an on-line, real-time model structure determination
algorithm, for which the number of possible models was
known to be small, the Kalman filter approach was con-
sidered. Indeed, the approach worked well on a complex
nonlinear digital simulation. It must be noted, however, that
there is a practical limit to the number of models which can be
used in the algorithm, and that the Kalman filter itself is
highly susceptible to numerical divergences when the assumed
process and measurement statistics are chosen incorrectly.
Utilization of approximate nonlinear update equations with
piecewise constant Kalman gain reduces this problem in the
engine application. However, this approach is not considered
realistic for the type of model structure determination where a
large number of models must be postulated.

Example 2: Submersible Vehicle Pitch Moment Equation
A proposed structure for an equation representing the

hydrodynamic pitch moment on a submersible vehicle is

MY= (p/2)\t5Mrprp+t4Mquq+t3[M.u2+Mwti\v

+ MM,,W, \w\(v2 + w2)
+ w2)!/2]+CLII(v,w,q,r)+CdI2[v,r,v(t-T)])

This structure is hypothesized from considerations of high
Reynolds number flow theory. // represents the integral over
the vehicle hull of the pressure field due to the leeward side
vortex flow. I2 represents the integrated effects of the cir-
culation generated by lateral motions of the fairwater
structure.

We wish to determine the relative significance of the 10
candidate dimensionless hydrodynamic parameters during a
turning maneuver. We first perform a digital six-degree-of-
freedom simulation of the maneuver, recording the state and
state derivative time histories. We use the recorded time
histories to calculate, at each sampling time, the total pitch
moment MY (MY is calculated using only rigid body
kinematic relations) and each of the unknown parameters on
the right-hand side. A hierarchical approach determines the
best model having a single parameter, the best model having
two parameters, and so on, to the model having all 10
parameters. The method implicitly examines 1024 distinct
models during this process but requires less than 1.0 s of
computer time on a Univac 1 108 computer. The example uses
data generated by a digital simulation of a full-scale vehicle.

10,000

1,000

ERROR

1.0
0 .9
0.8
0 . 7
0.6
0 .5
0.4
0 .3
0 . 2
0.1
0 .0

FIT
ERROR

2 4 6 8 10
NUMBHR OF PARAMETERS

Fig. 3 Comparison of three statistical criteria for model structure
determination (using hierarchical polynomial model).
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Table 4 MY equation parameters for five-and
six parameter models

Five-parameter
model

Six-parameter
model

CL

M

M*

CL
Mrp
MQ
My,

1.0 2.0 3.0 4.0

Fig. 4 Reconstructed and estimated in-plane moment.

Table 5 Selection of a priori models to describe
flowfield around a slender body of revolution

Phenomenological information

Selection of axis system
Dependence of wind-frame moment on angle of attack
Erratic changes in moments with Reynolds number
Stochastic phenomenon

Empirical model

mo

Cm = Y^ {ai0 (t — tt;) °+ + an
i=l

Similar equations for Cm and Cm 2

Table 6 Final estimates of parameters for slender body of
hypersonic velocity

Estimated value
Parameter (normalized)

maRamp in Cn
Jump in Cm

at 0.37
"at 2.25

Jump in CmQ at 2.45
Jump in CmQ at 3.20

- 0.22
-17.48

2.68
0.454

- 0.244
0.568

The technique also has been applied to data from tank tests of
a free-running model vehicle.

Figure 3 shows plots of three test statistics vs the number of
parameters in the model: 1) normalized fit error, 2)F-ratio,
and 3) prediction error. The evaluation of these statistics
assumes that the total hydrodynamic moment can be
measured experimentally to within only 10% accuracy.

Table 4 gives the parameters selected for the five-variable
model (recommended by the F statistic) and for the six-
variable model (recommended by the prediction error
statistic). Subsequent processing of these data with the
maximum likelihood algorithm further validated the
adequacy of this model.

Example 3: Unstable Flow over a Slender Body of Revolution
This example deals with the estimation of a mathematical

model for flow characteristics on a slender spinning body of
revolution at hypersonic speeds. The model is based on actual
test data. The physics associated with this unstable
phenomenon are complex. The aerodynamic effects are
known to be stochastic. Several hypotheses have been
proposed to explain the phenomenon of boundary-layer
transition which occurs when Reynolds number crosses a

certain critical value and the flow over a body becomes
turbulent.

The relevant axis system in this case is wind-fixed; i.e., the
z axis always lies in the plane containing the relative wind
vector and the vehicle x axis. Since the data consist of the
region prior to the boundary-layer transition and during
transition, the spline models are most appropriate. The spline
model allows jumps and ramp changes in moment and its
derivative with respect to angle of attack. Table 5 summarizes
the a priori model selection.

Only the model for the wind in-plane moment will be
presented here. The stochastic nature of the body en-
vironment indicates that the process noise is very high. The
vehicle has excellent instrumentation, resulting in small
measurement noise. Because of the predominance of the state
uncertainty, the equation error method can be used not only
for model structure estimation but also for parameter
identification. The following procedure is used to derive the
model:

1) Knots are placed initially every 0.5 s in the spline func-
tion.

2) The pitching moment time history is reconstructed from
available measurements of rates and accelerations.

3) The equation error formulation with equation F-ratio
criteria gives a model with six terms: a) Cmf), b) Cm^ , c) ramp
change in Cma at 0.5, d) jump in CmQ at 2, e) jump°in CmQ at
2.5, and 0 jump in CmQ at 3.5s.

4) Ten knots are placed around each of the identified knots
and the equation error formulation reapplied, giving the
model of Table 6. Note the changes in knot locations.

5) Knot locations were iterated using a gradient procedure.
Final knot locations were the same as in Table 6, with the
same variation explained.

The gradient procedure converged in two iterations. (In the
second iteration, the improvement in fit was less than 0.1 %).
Figure 4 shows a comparison of the reconstructed Cm and
estimated Cm.

Summary
A comprehensive advanced model structure determination

for dynamic systems is an essential aspect of system iden-
tification for aerospace systems. The critical elements of such
a procedure are 1) specification of functional forms for useful
models, 2) criteria for selecting an adequate model against
competing models, and 3) efficient numerical algorithms for
integrating the conflicting requirements of adequate func-
tional forms and accurate criteria.

Polynomials are often an appropriate choice for functional
form. Physical considerations, however, always should be
included in this initial specification. Within the class of
polynomials, further optimization of functional form is
provided by the utilization of splines and various or-
thogonalization procedures.

Statistical criteria for model selection must include
provision for incorporating the effects of reduced degrees of
freedom as more parameters are added. Criteria should be
selected for both theoretical and practical evaluation op-
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timality. More complex criteria should be used when com-
putationally feasible, but simpler criteria should not be
disregarded if an adequate model is, in fact, to be selected
from many possible models.

Numerical procedures can be either off-line or on-line,
depending on the application. Equation error, Kalman filter,
and maximum likelihood methods are well suited for many
practical vehicles, and examples for each are given.
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